Abstract. We prove that if a closed hyperbolic 3-manifold M contains infinitely many totally geodesic surfaces, then M is arithmetic.
Introduction
Arithmetic groups are classical objects of study in modern mathematicsthey can be thought of as a vast generalization of the unit groups of number fields to a non-commutative setting.
Let G be a connected semisimple R-group so that G(R) has no compact factors. Let Γ 0 be an irreducible lattice in G(R). The lattice Γ 0 is called arithmetic if there exists a connected non-commutative almost Q-simple Qgroup F and an R-epimorphism ρ : F → G such that the Lie group (ker ρ)(R) is compact and Γ 0 is commensurable with ρ(F(Z)), see [18, Ch. IX].
Margulis [17] proved the following.
Theorem A (Arithmeticity). Let G be a connected semisimple R-group so that G(R) has no compact factors. Let Γ 0 be an irreducible lattice in G(R). Assume further that rank R G ≥ 2. Then Γ 0 is arithmetic.
Let Γ 0 and G(R) be as in Theorem A. One may reduce the proof of Theorem A to the case where G is a group of adjoint type defined over a finitely generated field L and Γ 0 ⊂ G(L) -indeed using local rigidity one may further assume L is a number field. The proof of Theorem A is based on applying the following supperrigidity theorem, which was also proved in [17] , to representations obtained from different embeddings of L into local fields.
Theorem B (Superrigidity). Let G be a connected semisimple R-group. Let Γ 0 be an irreducible lattice in G(R). Assume further that rank R G ≥ 2. Let l be a local field and let H be a connected, adjoint, absolutely simple l-group. Let ρ : Γ 0 → H(l) be a homomorphism so that ρ(Γ 0 ) is Zariski dense and is not bounded in H(l).
Then ρ extends uniquely to a continuous homomorphismρ : G(R) → H(l).
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It follows from the weak approximation theorem that if Γ 0 is an arithmetic group, the index of Γ 0 in Comm G(R) (Γ 0 ) is infinite. Margulis proved the converse also holds, see [18, Ch. IX].
Theorem C. Let G be a connected semisimple R-group so that G(R) has no compact factors. Let Γ 0 be an irreducible lattice in G(R). Then Γ 0 is arithmetic if and only if the index of Γ 0 in Comm G(R) (Γ 0 ) is infinite.
Supperrigidity and arithmeticity theorems continue to hold for certain rank one Lie groups, namely Sp(n, 1) and F − 20 4 , [12, 4] . However, there are examples of non-arithmetic lattices in SO(n, 1) for all n and also in SU(n, 1) for n = 1, 2, 3.
Totally geodesic surfaces and arithmeticity. Recall that the connected component of the identity in the Lie group SO(3, 1) is isomorphic to
Let M = H 3 /Γ be a closed, oriented hyperbolic 3-manifold, presented as a quotient of hyperbolic space by the action of a cocompact Kleinian group
A totally geodesic surface in M is a geodesic immersion of a compact hyperbolic surface into M . It is well-known and easy to see that there can be at most countably many totally geodesic surfaces in M .
Reid [21] showed that if Γ is an arithmetic group, then either M contains no totally geodesic surfaces or it contains infinitely many such surfaces, see Theorem C above; there are also known examples of both of these possibilities, [16] . More recently, it was shown in [8] that a large class of nonarithmetic manifolds contain only finitely many totally geodesic surfaces.
We prove the following theorem. In view of Theorem C we thus get the following from Theorem 1.1. If M = H 3 /Γ is a closed hyperbolic 3-manifold which contains infinitely many totally geodesic surfaces, then the index of Γ in its commensurator is infinite.
As was mentioned above the arithmeticity theorem for irreducible lattices in higher rank Lie groups was proved using the superrigidity Theorem B. Similarly, Theorem 1.1 follows from Theorem 1.2 which is a rigidity type result.
A rigidity theorem. Let L be the number field and G the connected, semisimple L-group of adjoint type associated to Γ, see [18, 16] . Note that L ⊂ R, Γ ⊂ G(L), and G is R-isomorphic to PO(3, 1) -the connected component of the identity in the Lie group G(R) is isomorphic to PGL 2 (C).
Let S denote the set of places of L. For every v ∈ S let L v be the completion of L at v and let Σ v be the set of Galois embeddings σ : L → L v .
For any v ∈ S and any σ ∈ Σ v , we let σ G denote the algebraic group defined by applying σ to the equations of G. Let v ∈ S and σ ∈ Σ v , then σ(Γ) ⊂ σ G is Zariski dense. The proof of Theorem 1.2 is based on the study of certain Γ-equivariant measurable maps from ∂H 3 = S 2 into projective spaces -equivariant maps of this kind also play a pivotal role in the proof of the strong rigidity theorem by Mostow and the proof of the superrigidity theorem by Margulis. Indeed the proof in [17] is based on showing that an a priori only measurable boundary map agrees with a rational map almost surely; this rationality is then used to find the desired continuous extension. Our strategy here is to show that if M contains infinitely many totally geodesic surfaces, a certain Γ-equivariant measurable map on S 2 is almost surely rational, see Proposition 2.3; that σ has a continuous extension follows from this, see [17] .
We end the introduction by mentioning that in this note the discussion is restricted to the case of closed hyperbolic 3-manifolds. However, our method and Theorem 1.1 extend to the case of finite volume hyperbolic 3-manifolds. This extension requires certain estimates for the growth rate of the cocycle which will be introduced in §3. We obtain the required estimates using a similar, and simpler, version of systems of inequalities in [6] .
2.1. Lemma. Let l be a local field. Let H be a connected l-group which acts l-rationally on an irreducible l-variety V. Assume further that H acts transitively on V. Let ρ : Γ → H(l) be a homomorphism so that ρ(Γ) is Zariski dense in H and let Ψ :
Here and in what follows by a non-atomic measure we mean a measure without any atoms.
The first assertion in the lemma is well-known, see [18, Ch. VI, Lemma 3.10] and [11] . Part (2) follows from the first part and Fubini's theorem: up to a set of measure zero, C may be parametrized as S 2 × (0, 1]. Now if part (2) fails we find, using transversal families of circles, a positive measure subset of S 2 which gets mapped to one point; this contradicts part (1).
We now return to the setting of Theorem 1.2. It is more convenient to pass to a field extension so that G is a split group. Let l v be either
Let B v denote the group of upper triangular matrices in PGL 2 (l v ). For every g ∈ PGL 2 (l v ) define C g to be the image of
In the sequel by an inversion of a circle C we mean a fractional linear transformation on C of order 2, we define as inversion of C g similarly.
2.2.
Lemma. Let ϕ : C → C g be a Borel measurable map so that the essential image of ϕ has at least three points. Let I be a subset of inversions on C which generates PGL 2 (R). Assume there exists a Borel map f from I into the set of inversions on C g which satisfies that for any ι ∈ I we have
Then f extends to a continuous homomorphism from
First note that since the essential image of ϕ has at least three points any fractional linear transformation on C g is uniquely determined by its restriction to the essential image of ϕ. In view of this and (2.1) the map
is a well-defined measurable homomorphism from the group generated by I into PGL 2 (l v ). The claim now follows as I generates PGL 2 (R) and any measurable homomorphism is continuous.
The following proposition is a key ingredient in the proof of Theorem 1.2. 
There exists a Γ-equivariant measurable map
with the following properties.
We now sketch the proof of Theorem 1.2 assuming Proposition 2.3. The goal is to show that Ψ agrees with a rational map almost surely.
Given (x, y) ∈ S 2 × S 2 , with x = y, let C t (x, y) denote the one parameter family of circles in S 2 passing through x and y. Let (x, y, C) ∈ S 2 × S 2 × C be so that {x, y} and C are linked. Then the one parameter family C t (x, y) defines an inversion on the circle C.
In view of Proposition 2.3, for a.e. C ∈ C there is a positive measure pair of points (x, y) ∈ S 2 × S 2 so that {x, y} and C are linked, Ψ(x) = Ψ(y), Ψ(C) ⊂ C, and Ψ(C t (x, y)) ⊂ C t for a.e. t, moreover, Ψ(C t (x, y) ∩ C) is two points for a.e. t -the last assertion follows from part (1) together with Fubini's theorem.
We thus obtain that, Ψ induces a map f from a subset of inversions on C to inversions on C -the essential image of Ψ| C in C is infinite, therefore, an inversion is uniquely determined by its restriction to the essential image of Ψ. By varying (x, y), we get a subset of inversions which generates the group of fractional linear transformations of C.
Since the essential image of Ψ| C in C is infinite, we get from Lemma 2.2 that f extends to a continuous homomorphism from PGL 2 (R) into PGL 2 (l v ). Such a homomorphism can only arise from algebraic constructions from this we can conclude that Ψ| C is rational.
Using different choices of C, we get that Ψ is a rational map along different direction. From this one can conclude that Ψ agrees almost surely with a rational map. Theorem 1.2 follows from this by [17, §1.3] as the action of PGL 2 × PGL 2 on its boundary is strictly effective.
The main lemma
Let us recall the setup: G = PGL 2 (C), Γ ⊂ G is a cocompact lattice. Let X = G/Γ and let vol denote the G-invariant probability measure on X. We let π denote the natural projection from G to X. Also let K = SU(2)/{±I}.
We let H = PGL 2 (R). For every t > 0 let a t = e t/2 0 0 e −t/2 ; note that a t ∈ H for all t. For every θ ∈ [0, 2π], r θ ∈ PGL 2 (R) denotes the rotation with angle θ.
The bundle of oriented frames over H 3 = K\G may be identified with G. The left action of {a t : t ∈ R} on G and G/Γ induces the frame flow on the frame bundles of H 3 and M , respectively. For any g ∈ G the image of Hg in H 3 is a geodesic embedding of H 2 into H 3 . In this setup a totally geodesic surface in M = K\G/Γ lifts to a closed orbit of H in X.
Equivariant measurable maps. Let l denote C or a finite extension of Q p , the field of p-adic numbers. Let T denote either H 3 (if l = C) or the Bruhat-Tits tree of PGL 2 (l) (if l is non-Archimedean). The natural metric on T is denoted by d T . Fix a point o ∈ T for the rest of the discussion.
Let ρ : Γ → PGL 2 (l) be a homomorphism so that ρ(Γ) is Zariski dense and unbounded in PGL 2 (l). Fix a Dirichlet fundamental domain E for Γ in H 3 . Let F denote the K-invariant lift of F to a fundamental domain for Γ in G. In the sequel we will identify G/Γ with the fundamental domain F .
Define a Borel map ω :
Define the cocycle u(n, x) := b(a n , π −1 (x)) for all x ∈ X and all n ∈ Z.
Proposition.
(1) There exists some λ = λ(ρ) > 0 with the following property. For a.e. x ∈ X there exists some n 1 (x) > 0 so that
(2) There is a Γ-equivariant measurable map
where B ⊂ PGL 2 (l) is the group of upper triangular matrices.
See [18, Ch. V] for the proof -see also [10, 11] .
For any closed orbit Hx we let µ Hx denote the probability H-invariant measure on Hx.
The following lemma is the main technical tool in our argument. The proof of this lemma relies on results from random matrix products, equidistribution theorems in homogeneous dynamics, and certain maximal inequalities -we sketch the argument in §5.
Proof of Proposition 2.3
Let us now sketch the proof of Proposition 2.3 assuming the main lemma. For j = 1, 2 let
be the projection onto the j-th component; put 
. This implies the claim in part (2) in view of part (1).
The following theorem is a special case of a theorem of Mozes and Shah [20] -the proof in [20] builds on seminal works on unipotent dynamics by Dani, Margulis, and Ratner.
4.2.
Theorem. Let Γ ⊂ G be a lattice and let vol denote the probability G-invariant measure on X = G/Γ. Assume there are infinitely many closed H-orbits {Hx i : i ∈ N} in X; for every i let µ Hx i denote the H-invariant probability measure on Hx i . Then
This theorem plays an important role in the sequel.
Proof of Proposition 2.3. For j = 1, 2, let u j be the cocycle and ψ j the equivariant map constructed using the representation σ j -recall that by Lemma 4.1, σ j (Γ) is unbounded for j = 1, 2. We now show that the map Ψ = (ψ 1 , ψ 2 ) satisfies the claims in Proposition 2.3.
In view of Lemma 2.1, Ψ satisfies part (1) in the proposition. It also satisfies part (2) as we now discuss. The proof is based on a limiting argument which relies on Lemma 3.1 and Theorem 4.2.
Totally geodesic surfaces S i in M lift to closed H-orbits Hx i in X. Every Hx i gives rise to a closed Γ-orbit
For every i, let H i ⊂ PGL 2 × PGL 2 denote the Zariski closure of σ(∆ i ). Let i be large enough so that Lemma 4.1 holds true. Then there exists some g i ∈ PGL 2 (l v ) so that
Fix some small ε > 0 and let i > i 0 (ε) be large enough so that the conclusion of Lemma 3.1 holds for ε with both σ 1 and σ 2 . Also let Z i ⊂ Y i be a subset with µ Hx i (Z i ) > 1 − 2ε so that the conclusion of Lemma 3.1 holds for all z ∈ Z i and for both σ 1 and σ 2 -note that for any such i the conclusions of Lemma 4.1 also hold.
Let z ∈ Z i be so that
Now by Lemma 3.1 we have
If we identify X with F , then Hz gets identified with a subset Y z ⊂ Fnote that Y z has only finitely many connected components. Let g z ∈ F be the point corresponding to z; the orbit Hg z gives rise to a plane P z in H 3 and a circle C z = ∂P z = C i γ for some γ ∈ Γ.
Let θ ∈ R z ; then in view of (4.1) we have {u j (nτ 0 , r θ z) : n ∈ N} is at a sublinear distance from a unique geodesic in T -for this one also needs a basic fact from hyperbolic geometry, see Lemma 5.1. Moreover, since a t r θ ∈ H for all t and θ and since Hg z Γ is closed, we get the following:
There is a sequence n m → ∞, so that u j (n m τ 0 , r θ z) belongs to the subtree T ′ corresponding to σ(γ) −1 H i σ(γ).
Put lim n a nτ 0 r θ g z = β gz,θ ∈ C z . The above implies that
We now consider typical circles in S 2 . Combining (3.1) with Lusin's and Egorov's theorems we conclude the following. There exist
• a subset F ε ⊂ F with vol(F ε ) > 1 − ε, and • some n 1 = n 1 (ε) > 0 so that the following holds. Let g ∈ F ε , there exists a subset R g ⊂ [0, 2π] with |R g | > 2(1 − ε)π so that for j = 1, 2 we have
and t ∈ R;
see also Lemma 5.2. For any g ∈ F ε let P g be the plane corresponding to Hg; put C g = ∂P g . For any θ ∈ R g let lim n a nτ 0 r θ g = β g,θ ∈ C g , then Ψ(β g,θ ) ∈ Ψ(C g ).
Claim. There exists a subset F ′ ε ⊂ F ε with vol(F ′ ε ) > 1 − 4ε so that the following holds. For every g ∈ F ′ ε ; there exists
To see the claim fix some n = n ε > max{n 0 , n 1 } so that if i > i 0 , z ∈ Z i , g ∈ F ε , and θ ∈ R z ∩ R g we have u(nτ 0 , r θ g z ) = u 1 (nτ 0 , r θ g z ), u 2 (nτ 0 , r θ g z ) and u(nτ 0 , r θ g) approximate Ψ(β gz,θ ) and Ψ(β g,θ ) within ε/4, respectively. This is possible thanks to (4.1) and (4.3), see Lemma 5.1. Fix
Choose a sequence ε m → 0. Set F ′ := lim sup F ′ εm ; then vol(F ′ ) = 1. Let g ∈ F ′ and let C g be the corresponding circle. Then C ′ g := lim sup C εm is conull in C g and we have the following: There exists a sequence {h g,i } so that {C h g,i } converges to a closed subset
The set D g is either C h for some h or the sequence {C h g,i } tends to infinity in L and D C is the Hausdorff limit of
Recall now that C h g,i is a graph of a fractional linear transformation for each i; hence, degenerate limits of {C h g,i } are either union of a line and a point or crosses. Since these sets are Γ-invariant and Γ acts ergodically on C, either a.e. C ∈ C is mapped to C h for some h or a.e. C ∈ C is mapped to these degenerate sets. Note further that given two points in general position in Pl v × Pl v , there are exactly two crosses passing through both of them (similarly for union of a line and a point); however, the set of circles in S 2 passing through two distinct points covers the entire S 2 . Therefore, using Lemma 2.1, we conclude the following:
For a.e. g ∈ F ′ there exists some h g ∈ PGL 2 (l v ) so that Ψ(C ′ g ) ⊂ C hg . Since Ψ is Γ-equivariant, this concludes the proof of the proposition.
Proof of the main lemma
The following two basic facts from hyperbolic geometry will be used in the sequel. Let (T , d) denote either a regular tree equipped with the usual path metric or a hyperbolic space equipped with the hyperbolic metric. We fix a base point o ∈ T .
Then there exists a unique geodesic {ξ(t) : t ∈ R} ⊂ T with ξ(0) = o so that p n → ξ(∞) ∈ ∂T . Moreover, for every ε > 0 there exists some N = N (L, N 0 , ε) so that for all n > N we have d(p n , {ξ(t)}) ≤ εn.
In view of Lemma 5.1 and Egorov's theorem, the following lemma follows from the hyperbolic law of cosines if T is the hyperbolic space; the proof when T is a tree is similar and simpler.
5.2.
Lemma. Let (Θ, ϑ) be a probability Borel space. Let ψ : Θ → ∂T and u : Z ≥0 × Θ → T be two Borel maps satisfying the following.
Hence, by Lemma 5.1 we have {u(n, θ)} converges to a point in ∂T for a.e. θ ∈ Θ. Assume further that
There exists some c = c(L) so that following holds. Let ξ ⊂ T be any geodesic with ξ(0) = o parametrized by the arc length. For every ε > 0 there exists some c ′ = c ′ (ψ, u, L, ξ, ε) so that for all s ∈ R and all n ∈ N we have
It is worth mentioning that the above lemmas hold for any proper complete CAT(−1) space. There exists an absolute constant D > 0 so that the following maximal inequality holds. Let f ∈ L 1 (Y, µ), for any c > 0 we have
We also need a maximal inequality similar to and more general than Kolmogorov's inequality in the context of the law of large numbers. Consider the space W = Y Z and let ω y be the Markov measure associated to A τ and y. That is: for bounded Borel function φ 0 , . . . , φ m on Y we have
where w = (· · · , w −1 , w 0 , w 1 , . . .).
Let ρ : Γ → PGL 2 (l) be as in Lemma 3.1. We also let the cocyle u, the Bruhat-Tits T , and metric d T be as in loc. cit. Assume τ ∈ N.
For every n ≥ 1 define
put u 0 (w) = e for all w ∈ W.
The main case of interest to us is the trajectories obtained using the operator A τ , i.e.,
For all (θ j , w j ) ∈ R × W and all n ≥ 1 define φ w,n : Y → R by
There exists some D ′ = D ′ (ρ, τ ), but independent of Y , so that (5.4) |φ w,n | ≤ D ′ for all w ∈ W and n ∈ N.
Put ϕ n (θ j , w j ) j∈Z := φ w,n (r θ n−1 w n−1 ) − 
This lemma is proved using the following maximal inequality which follows, e.g. by combining [15, P. 386 ] with [7, Thm 1.1], see also [14, 3] .
Let (Ω, B, β) be a standard probability space and let {ζ n } be a sequence of bounded Borel functions on Ω so that E β (ζ n |ζ n−1 , . . . , ζ 1 ) = 0 for every n. Then for every N 1 ≥ 1 and every c > 0 we have (5.5) β {ω ∈ Ω : max
Returning to our setup, we now observe that E ν⊗ωy (ϕ n |ϕ n−1 , . . . , ϕ 1 ) = E ν⊗ωy E ν⊗ωy (ϕ n |(θ n−1 , w n−1 ), . . . , (θ 1 , w 1 ))|ϕ n−1 , . . . , ϕ 1 .
Moreover, we have E ν⊗ωy (ϕ n |(θ n−1 , w n−1 ), . . . , (θ 1 , w 1 )) = 0. Hence E ν⊗ωy (ϕ n |ϕ n−1 , . . . , ϕ 1 ) = 0.
Therefore, we may apply (5.5) with the space (R × W, B ⊗N , ν ⊗ ω y ) and the sequence {ϕ n } of functions. Since ϕ 2 n ≤ 2D ′2 , see (5.4), and 1 n 2 is a convergent series, the lemma follows.
We will also apply an analogue of Lemma 5.3 in the following context, see [1] . Let f be a bounded Borel function on Y and define
We may apply (5.5) with the space (R × W, B ⊗N , ν ⊗ ω y ) and the sequence {̺ n } and get the following. For every c > 0 and δ > 0 there exists some N 2 = N 2 (c, δ, f ∞ ) with the following property. For every y ∈ Y we have
Conclusion of the proof. Combining (3.1) with Lusin's and Egorov's theorems we have the following. There exist
, and • some n 1 = n 1 (ε) > 0 so that the following holds. Let g ∈ F ε and let ξ ⊂ T be a geodesic with ξ(0) = o which is parametrized by the arc length. There exists a subset
d T (u(n, θ), ξ(t)) > t + λ 1 n for all θ ∈ R g,ξ , n > n 1 , and t ∈ R.
Integrating (5.7), and using the bound d T (u(n, g), o) ≤ Ln for all n, we get the following. There exists some λ 2 = λ 2 (ρ) so that
Assume ε < 0.1 and εL < 0.1λ 2 . The estimates (5.7) and (5.8) may be extended to nearby points for a fixed n. Therefore, possibly replacing F ε by a slightly smaller compact subset which we continue to denote by Apply the maximal inequality (5.1) with Y , f = ½ Y \Y ′ , and τ as above.
In consequence, there exists some Z ′ ⊂ Y with µ(Z ′ ) > 1 − Dε so that for every z ∈ Z ′ and every n ∈ N we have
Let z ∈ Z ′ and apply (5.6) with ̺ n defined using f = ½ Y ′ with c = ε 2 and δ = ε 4 . Let N 2 be as in loc. cit. for these choices. Then
Let now (θ, w) be in the complement of the set on the left side of (5.10) and let n > N 2 . Then we have
in the last inequality we used (5.9).
Apply now Lemma 5.3 with this z ∈ Z ′ and with c = 0.1λ 2 and δ = ε 4 . Let N 1 be as in Lemma 5.3 for these choices. Then Let R z ⊂ R × W be the compliment of the union of sets appearing on the left sides of (5.10) and (5.13). Let ((θ j , w j ) j∈Z ) ∈ R z and write I n and I ′ n for I n (θ, w) and I ′ n (θ, w), respectively. Let ℓ ∈ I n . Then Recall that d T (q, o) = t, therefore, using the above and (5.14) we get that Let now n ≥ max{N 1 , N 2 }. Therefore, since ((θ j , w j )) ∈ R z , we conclude from (5.13) that (5.18) 1 n n ℓ=1 ϕ ℓ+1 ((θ j , w j )) ≤ 0.1λ 2 .
Recall again from (5.3) the definition of φ w,n (r θ n−1 w n−1 ), also recall that ϕ n = φ w,n − 1 2π 2π 0 φ w,n−1 . We thus obtain This, together with (5.18) and (5.17), implies that for all n ≥ max{N 1 , N 2 } we have (5.19) d Tv u n ((θ j , w j )), o ≥ (τ /2 − 1/10)λ 2 n ≥ λ 2 τ n/3.
To get Lemma 3.1 from (5.19) it remains to note that trajectories {a τ θ n−1 · · · a τ r θ 0 z : (θ j , w j ) ∈ R × W} give rise to the rotation invariant distribution on the boundary circle corresponding to Hg z , recall that g z ∈ F . Moreover, for ν-a.e. (θ j ) ∈ R there exists a unique geodesic ξ (θ j ) with ξ (θ j ) (0) = g z so that the trajectory a τ θ n−1 · · · a τ r θ 0 g z is at a sublinear distance from ξ (θ j ) -indeed a central limit theorem holds for these trajectories [10, 9, 13, 2] .
